INTRODUCTION
A Singer group of a projective plane is a subgroup of collineations acting sharply transitively on the points of the plane. A cyclic plane is a projective plane with a cyclic Singer group. Infinite cyclic planes are nonDesarguesian [K] . On the other hand, all known finite cyclic planes are Desarguesian.
Let IZ be a finite cyclic plane and let N be the normalizer of a Singer group S in the collineation group G. Then N = S . N,, where N, is the stabilizer of a point X of n. The group A4 = N/S z N, is independent of X and S. We call M the multiplier group of fl. The importance of M in the study of finite cyclic planes can be seen from Ott's result [O] , which says that either Z7 is Desarguesian or N = G. In this paper we determine the structure of the Sylow 2-subgroup of M and study the relationship between M and 17. Hall [H-P, p. 2651 proves that three divides IM(. A moment of thought yields that if n is a Desarguesian plane of order pk for some prime p, then IMJ = 3k (in general 3k divides IMI). We will show that the converse of this is true for some values of k. The element in Aut(S), which inverts every element of S, is known to be not in M ( [B, p. 601 or [F, p. 1333 ). Therefore IMJ < IAut(S)I/2. Using Galois theory of cyclotomic fields, we classify planes satisfying 1 M( = IAut(S)l/2 with the help of the Gaussian quadratic sum. Also we are able to give a complete answer to the case jM\ = IAut(S)l/4. More precisely, we prove the following.
THEOREM.
Let 17 be a finite cyclic plane qf order n with the multiplier group M. Then the following hold.
(1) The Sylow 2-subgroup (2) For k = 3, 5 or 2" for some integer ~12 0, we have IMI = 3k if and only if n = pk for some prime p.
(3)
We have IMI = IAm(S if and only zf n = 2 or 4. Furthermore, n = 2 occurs if and only zj' I MI = odd in this case.
(4) We haue lM( = IAut(S)I/4 zf and only ifn = 3.
Some remarks are in order. Statement (1) improves a result of Ostrom and Wagner on planar 2-subgroups [D, p. 1731 for cyclic planes. The cases for the extreme values of /MI are treated in (2) and (3). In particular, (2) gives a characterization of the order of a finite cyclic plane being a prime if and only if its multiplier group has order 3. The study of finite cyclic planes is equivalent to the study of finite cyclic groups with difference sets [HP] . The latter has a close relationship with cyclotomic fields and number theory. Statements (3) and (4) prove that a finite cyclic group with a difference set, whose multiplier group has order at least JAut(S)I/4, has order 7, 21, or 13. We will prove statement (i) in section (i) for i= 1, . . . . 4.
PRELIMINARIES AND THE PROOF OF (1)
In the rest of this paper, 17 is a finite cyclic plane of order n. The full collineation (resp. multiplier) group of Zl is G (resp. M). Let S be a Singer group of Z7 and let N = NJS). For XE G, let P(X) be the set of fixed points of X and Fix(X) be the fixed-points-lines substructure of X. An involution g in G is a Baer involution if n is a square and Fix(a) is a subplane of order & (a Baer subplane). Let A = Aut(S). An integer t is called a multiplier if the automorphism of S (which is also denoted by t) s + s' is also a collineation of 17 when we identify the points of n with the elements of S. Our terminology in group theory is taken from [G] , that of projective planes is taken from [HP] , and that of difference sets is taken from [B] . For the convenience of the reader, we record the following two known results. THEOREM 1.1 (Hall [HP, p. 2651) . Any divisor of n is a multiplier. LEMMA 1.2 (Ott [0, 1.41) . Suppose U is a subgroup of N such that
If [C,(U)1 # 1, then C,(U) is a Singer group of the subplane Fix(U) (here a triangle is also regarded as a subplane).
The next lemma is an observation about cyclic groups. 
Proof
The first statement follows from the fact that ISI = n* + n + 1 is odd. The second conclusion holds because an involution in A either centralizes or inverts Si for i= 1, . . . . h.
Using structures of orbits of points and lines of various subgroups of N we now prove (1) in the following steps.
(l-l)
The Sylow 2-subgroups T of M is cyclic and the involution in T is Baer.
Let (T be an involution in T. Then there exists s # 1 in S such that e inverts s. Suppose 0 is a perspectivity. Since s has odd order, the two involutions cr, QS are conjugate in (e, s). Hence 0s is also a perspectivity. Thus 0 and CTS have a common fixed point which is then fixed by s = a(as). But S acts sharply transitively on the points of ZZ. This contradiction proves that 0 is not a perspectivity and so it is a Baer involution [HP, p. 91, Theorem 4.31 . By Lemma 1.2 we have ICs(a)l = [P(g)1 = n + &+ 1. Since this last number is independent of (T, Lemma 1.3 implies that T has at most one involution. So T is cyclic as desired.
(l-2) Zf (Tj =2', then n=m*'for some integers ma2 and baa.
Proof: Let I TI = 2*. We use induction on a. For a = 0, (l-2) certainly holds. The case CI = 1 follows from (l-l) as the involution in T is Baer.
Suppose a B 2. Let r E T such that r* = 0. Let fi = Fix(a), a Baer subplane. We will prove that r does not induce the identity collineation on Sz. Let P=C,(a) and u=IPI. Then u=n+&+l by Lemma 1.2. So S = P x Q, where I Ql = n -& + 1 and 0 inverts every element in Q. Let Q, = Q( cr ). There are exactly u Q-orbits of points of l7 and each such orbit has exactly one point in Sz. Since Sz = Fix(o), this shows that each Q-orbit of points is also a Q,-orbit. So the Q-orbits of points coincide with the Q,-orbits of points. Let E be a line of a. Then I carries & + 1 points of 0. Let r be the set of n -& points of 1 outside J?. Thus B acts lixed-pointfreely on the points of l7 So r is the union of (n -,,&)I2 (c)-orbits, each of size 2. We claim the following holds. We now return to prove that z induces a non-identity collineation on 52. Deny this. Thus t fixes 1. Since CJ = r2 acts fixed-point-freely on r, so does z. Let /1 be a (r )-orbit in IY Then n is the union of two (CT )-orbits: ,4,, /1,. Since z fixes every point in ~2, t leaves invariant each Q,-orbit of points. Hence A, and /i, belong to a common Q,-orbit. This contradicts (A). Therefore z induces a non-identity collineation on Sz. So the Sylow 2-subgroup of the multiplier group of R has order divisible by 2"-I. By induction, the order ,,& of Sz equals to m2 for some integers m > 2 and c > c1-1. This implies that n = m2'+' and establishes (l-2) as c + 1 3 01.
(l-3) If 1 TI = 2", then n = m2' for some integer m > 2.
Without loss of generality, we may assume a > 1. By (l-2), n = m2* for some integers m 2 2 and b 2 u. By Theorem 1.1, m is a multiplier. Therefore m 3 is also a multiplier. Let u = n2 + n + 1. Since n3 = 1 (mod u), (m3)'" = 1 (mod u). From (m3)2h-' < m(2hm').4 = m2*" = n2, we obtain that 1, m3, . . . . (m')'"-' are all distinct modulo u. Hence the multiplier m3 has order 2'. This implies JTI > 2', which in turns yields c( > 6. Therefore CI = b and n = m2' as desired.
Statement (1) of the theorem follows from (l-l) and (l-3).
PROOF OF (2)
Notations are as in Section 1. Also let u = n2 + n + 1. The following result is due to Gordon, Mills, and Welch [B, p. 891. THEOREM 2.1. If n = pk for some non-negative integer k and prime p, then the multiplier group M consists of all the powers of p module u.
Theorem 2.1 implies that if n =pk for some non-negative integer k and prime p, then M is a cyclic group of order 3k generated by p. In particular, this holds for k = 3, 5 or 2". We divide the rest of the proof of (2), which uses Lagrange's theorem and elementary properties of congruences of integers, into the following steps.
(2-l) Zf [MI = 3.2* for some integer a 2 0, then n =p2'.
Proof: By (l-3), we obtain n = m2' for some integer m > 2. Hence m is also a multiplier of l7. Let p be the smallest prime dividing m. If m =pq with q > 1, then p21+' = (p'")' < v = n2 + n + 1. Thus 1, p, . . . . pza" are dis-tinct modulo v. Therefore the cyclic subgroup of A4 generated by the multiplier p has order bigger than or equal to 2' + '. This implies M = (p ) by Lagrange's theorem. Since n E M, n spb (mod v) for some 0 < b < v. From 1~ n3 =p3b (mod v), we conclude that b = 2". Since 12 and p2n are both less than u, we obtain n =p2" as desired.
(2-2) If 1 MI = 9, then n = p3 or p for some prime p.
Proof: Let p be the smallest prime dividing n, and let n =pq. We may assume q > 1. Then p4 < v. Hence the cyclic subgroup of M generated by the multiplier p has order bigger than 5. This implies M= (p) by Lagrange's theorem. Since n E M, we obtain n =pb (mod v) for some 1 < b < 8. From 1~ n3 (mod v), we get b = 3. Since n and p3 are both less than u, so in fact n =p3 as desired.
(2-3) rf Ill41 = 15, then n =p5 or p for some prime p.
Proof. Let n =pq, where p is the smallest prime dividing n. We may assume q > 1. If p = q, then n = p2. However, this implies that the multiplier p3 has order 2, which forces lM( to be even. This contradiction proves that 4'P.
Suppose p5 2 V. Since u >p2q2, this implies p3 > q*. Therefore the following holds.
Assumep'=l (modv). Thenp'=l+kv. Sincep'>v, sok>l. From p5 <p3q2, we obtain k <p. Now 1 + kv =p5 -0 (mod p) implies 1 + k E 0 (mod p), which forces k = p -1 as 1 < k < p. Therefore p5 = 1 + (p -1) v = p( 1 + (p -1 )(pq2 + q)). So p4 =p2q2 +pq( 1 -q) + 1 -q. This implies 0 = 1 -q (mod p). = pw for some integer w. Substitute this back to the equation of p4 to get p4 =p*q* + (pq + 1)pw. Cancelling p on both sides yields p3 =pq2 + (pq + l)w, which implies that 0 E w (mod p). Therefore p2 divides pw = 1 -4. Thus p2 divides q -1. However, this contradicts (B) . Hence p5 & 1 (mod v) when p5 > v.
Since p4 < v, we conclude that 1, p, . . . . p5 are all distinct modulo u. Therefore M = ( p ) by Lagrange's theoem as lM1 = 15. Since n E M, we get n spb (mod u) for some 0 <b < 15. From 1 z n3 (mod v), we obtain b = 5. Hence pq = n -p5 (mod v). Since (p, q) = 1, this implies q -p4 (mod v). Therefore q = p4 as both q and p4 are less than u. This proves n = pq = p5 as desired. (24) If IMJ = 3k, where k = 3 or 5, then n = pk, where p is a prime.
Proof. By (2-3) and (24), it suffices to eliminate the case IZ =p, where p is a prime. If n =p, then Theorem 2.1 implies that IMI = 3. This contradiction establishes (24).
Statement (2) follows from (2-l ), (2-4) and the remark on Theorem 2.1.
3. PROOF OF (3) Notations as in Section 1. Also u = n2 + n + 1 = ISI. Let [ be a primitive uth root of 1 in the complex number field. We identify S with (0 in Q(c), the cyclotomic field obtained by adjoining c to Q, the rationals. Next we identify A = Aut(S) with the Galois group of Q(c) over Q.
A subset of S is called a difference set of S if for any element s E S there exists exactly one pair of elements a, b in this set such that s = a -lb. By [B, p. 79, Theorem 4.11 , there exists a difference set D of S which is left invariant by M. Set 8 = Cdc D id. Then 8 belongs to K, the fixed subfield of M. With the help of the Gaussian quadratic sum we now prove (3) in the following three steps.
(resp. n=4), then IMI = IAl/2=3 (resp. 6).
Proof. Since planes of order 2 and 4 are Desarguesian, our conclusion follows from the general fact that for a Desarguesian plane of order pk = n, where p is a prime, the multiplier group has order 3k. In particular [Q(g): Q] = 2. Since M is the unique subgroup of index 2 in A under our assumption, we conclude that K is the unique subfield of Q(c) with degree 2 over Q by the fundamental theorem of Galois theory. Hence K= Q(g). Note that the Galois group of K over Q is generated by the restriction of the complex conjugation.
Suppose u z 1 (mod 4). Then K is a subfield of the real numbers by (D). Since 8~ K, this implies 8 = 6, which contradicts (C). Therefore v 3 (mod 4) and K= Q(G) by (D) again. As -u = 1 (mod 4), the ring of algebraic integers of K is Z@ Z(( -1 + 6)/2) [IR, p. 1891 . Hence tI=x+(L./2)(-l+&) f or some integers x and y. Since 8 # 0 by (C), y # 0. Also 86 = (x -y/2)2 + (y'u)/4. On the other hand, from the definition of 8 and the difference set D, we obtain t90 = n as C;=d ii = 0. Therefore 4n=488=(2x-y)2+y203u=n2+n+1 as y#O. Since n>2, this last inequality implies n = 2. The proof of (3-2) is now completed. Proof By (3-2), we may assume that IMI is even. Since -1 is not a multiplier and I.4 I = 2lMI, the elementary abelian 2-subgroup of A has order 4 by (l-l ). This together with the fact that each Sylow subgroup of S is cyclic of odd prime power order implies that S= Sr x S, (see Lemma 1.3). Let cr be the involution of M. By (l-l), (T is a Baer involution. By Lemma 1.2, ICs(a)l =n+,,/k+ 1 #l. Thus C,(a) is one of Sr, S,. Without loss of generality we may assume that C,(a) = Sr. Since S, is cyclic of odd prime power order, A I := Aut(S,) is cyclic. Hence the only involution of A, inverts S,. However, S, acts sharply transitively on the points of Fix(a) = Sz, so -1 is not a multiplier of Q. This implies that the multiplier group R of Q has odd order. Since the only involution in A4 centralizes S,, A, #M. From IA : MI = 2, this implies that A = A, M. Hence IA, : A, n MI = 2. Hall [B, p. 831 proves that M induces by restriction a subgroup of the multiplier group of 0. Therefore A, n M < R. Thus A, nM= R as A, > R. This implies that IRI = IA,(/2. Since IRI is odd, so implies that the order ,,,& of 52 equals 2. Therefore n = 4 as desired.
Statement (3) follows from (3-l), , and (3-3).
PROOF OF (4)
Notations are as in Section 3. The following is a general fact about cyclic groups of odd order. We now prove (4) in the following steps.
(4-l) Zf JMI = IAl/ is odd, then n = 3.
Proof: There are two cases for Tr A/M to be considered. established in this case. Therefore we may assume that each M-orbit of points on I has size 3 or 1 as IMI is odd. If there are two orbits of size 3, then the kernel H of the action of M on each one of these orbits coincide as M is cylic. Therefore H = 1 by (E) and M acts fixed-point-freely on an orbit of size 3. Thus n(n + 1)/4 divides 3, which forces n = 3. However, this contradicts the fact there are two M-orbits of size 3 on 1. Since S is a Singer group, no element of M can fix all points on 1. Therefore there is exactly one M-orbit of points R of size 3 on 1. If there are at least two more points on Z, then (E) implies that M acts fixed-point-freely on R. Again we obtain n = 3. But we have at least 5 = IRI + 2 point on I under the present assumption. This contradiction proves that there is exactly one more point on I besides the three points in R. Therefore n + 1 = 4 and n = 3 as desired. The proof of (4-l) is now complete.
